LOCAL SMOOTHING FOR THE BACKSCATTERING TRANSFORM 
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Abstract. An analysis of the backscattering data for the Schrodinger operator in odd di- 
mensions n > 3 motivates the introduction of the backscattering transform B : Cq° (M n ; C) — > 
C°°(IR n ;C). This is an entire analytic mapping and we write Bv = Bn v where B?fV 
is the N:th order term in the power series expansion at v = 0. In this paper we study 
estimates for B^v in i?( s ) spaces, and prove that Bv is entire analytic mu£ H(s) < ~ i ^-' when 
s> (n- 3)/2. 

1. Introduction 

The present note is devoted to proving continuity and smoothing properties of the backscat- 
tering transform for the Schrodinger operator in odd dimensions n > 1. 

In order to state the main result a brief description of the mathematical objects involved is 
necessary. (The reader is referred to [10J, [9], [8J for details.) 

Consider the Schrodinger operator H v = — A + v in R™, where v G L^ pt (K"). Assume that 
H v with domain i/( 2 )(IR n ) is self-adjoint and the wave operators 

W± = lim e itH -e- itHo 

t — >±oo 

exist. Then the operator vW+ is continuous from L 2 to L , and therefore its distribution kernel 
v(x)W + (x, y) is defined. After composing it with a non-singular linear transformation, we arrive 
at the distribution v(x — y)W+(x — y,x + y) in 2?'(R" x W l ). Since v is compactly supported 
we may integrate with respect to y and obtain the distribution 

2™ J v(x - y)W+(x -y,x + y) dy. 

(The normalization factor here is introduced in order that the expression above should be equal 
to v(x) when W + is replaced by the identity.) It was proved in [10] that when v e Co°(R n ;R) 
the integral above represents the inverse Fourier transform of the backscattering part of the 
scattering matrix, when this is represented as a function in the momentum variables. The real 
part of the expression above is equal to 

(3v{x) — 2™ J v(x - y)W(x — y,x + y) dy, 
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where the operator W = (W + + W-)/2 has a real- valued distribution kernel. 

The backscattering transform Bv of v £ C^°(M. n ; R) is a slight modification of j3v. Let K v {t) 
be the wave group associated to the operator 

□„ = df - A x + v, 

i.e., u(x,t) = (K v (t)f)(x) is, for every / £ C£°(R"), the unique solution in C x ([0, oo), L 2 (R n )) 
to the Cauchy problem 

n v u(x,t) = 0, u(x,0)=0, (d t u)(x,0) =f(x). 

Then K v (t) is a strongly continuous function of t with values in the space of bounded linear 
operators on L 2 (R"). (See [9] for details.) We have that |cc — j/| < t in the support of K v (x, y; t) 
and \x — y\ = t in the support of K (x, y; t). This ensures that the operator 

oo 

G = - J K v (t)vK (t) dt 
o 

is well-defined and continuous on L^ pt (R"), where the dot denotes derivative in the variable t. 
Theorem 7.1 in [10] gives the relation between G and W above: There exist an orthonormal 
basis (fj)i<j<fi of real eigenfunctions corresponding to the negative part of the spectrum of H v 
and a set {gj)i<j<^ of smooth real-valued functions such that 

W = I + G + J2fj®9j- 
i 

It turns out (see below) that G — G v , considered as function of v with values in the space of 
continuous linear operators in L 2 pt (R"), extends to an entire analytic function of v £ C^°(R n ), 
i.e., to the space of complex-valued v in . Also, if v is sufficiently small (in a sense that we 
do not make precise here), there are no bound states and W — I + G then. For these reasons 
it is natural to modify the definition of (3v by subtracting the contribution from J2i fj ® 9j ■ 

Definition. Assume v £ Co°(R n ; C). The backscattering transform Bv of v is defined by 

(Bv)(x) — v(x) + 2™ J v(x — y)G(x — y,x + y) Ay. 

Here the integral is taken in distribution sense and v(x)G(x,y) is the distribution kernel of the 
operator vG. 

It was proved in [9j that G = G v extends to an entire analytic function of v £ L' pt (R") when 
q > n. For such v we can define Bv again as in the previous definition and Bv will be entire 
analytic in v with values in 2?'(R n ). We write 

oo 

Bv = ^B N v 
i 
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where B^v is the iV:th order term in the power series expansion at v = 0. There are other 
spaces of v (containing as a dense subset) to which Bv can be extended analytically. For 
reasons of continuity such expansions can be studied by deriving estimates for the B^v when 
v £ Cfi°. In this paper we shall study estimates for B^v in spaces, and prove that Bv is 
entire analytic in v £ n £' when s > (n — 3)/2. 

We recall some basic ingredients in the construction of Bv when v £ C^°(W l ). We recall 
from [9], or section 11 in [10], that 

(1.1) K v (t)=Y,(-l) N K N (t), 

N>0 

where Kn are inductively defined by 

sint|D| 

Ko{t) ~ ~JdT' 

(1-2) * 

/^(t) = (^-1 * «^0)(*) = / ^AT-l(s) V X (t - s) ds, JV > 1. 



One has the estimate 

||^(t)||^ 2 <b]]^i 2iV+1 /(2iV + l)! 

Since the distribution kernel Kn(x, y,t) of Kw(t) is supported in the set where \x — y\ < t, it 
makes sense to consider 

/>oo 

(1.3) G N = (-1) N K N -i(t)vk (t)dt. 

Jo 

This is a continuous linear operator in t (R"), and the estimates for the Kn show that 

oo 

1 

is an entire analytic function of v. We see that 



(1.4) (B N v){x) = 2" / ufo)GW_i(i/, 2a; - y) dy, N >2. 

The following theorem (Theorem 8, [9]) reveals the smoothing properties of Bn for large iV. 

Theorem 1.1. Let q > n and k be a nonnegative integer. Then there is a positive integer 
No = No(n,q,k) such that A k BNV £ Lf oc (M. n ) when v £ L q (W l ) has compact support and 
N > Nq. Moreover, if R\, Ri > 0, there is a constant C, depending on n, k, R\, R2 and q only 
such that 

\\& k BNv\\ L2{B{aMl)) < C N \\v\\ N Lq /N\, N > N , 
whenever v £ L q (M. n ) has support in the ball B(0,R2). 
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The aim of this paper is to study (local) continuity properties of the operators Bn in £f( s ) 
spaces. 

Let || ■ |L s n denote the norm on the Sobolev space i?( s )(R"). Also H^(D,), s > 0, is the space 
of functions which are restrictions to fl of functions from the Sobolev space -ff( s )(R™), when fl 
is an open set with smooth boundary. The norm on H^^fl), s > 0, is the quotient norm 

H/L w (n) = inf{||F|| (s) ;F e ff w (R*), F = fmQ}. 
Our main result here is contained in the next theorem. 

Theorem 1.2. Assume < a < s — (n — 3)/2, and let N(a, s) be the smallest integer N such 
that a < N — 1 and a < (N — l)(s — (n — 3)/2). Then there is a constant C , which depends on 
n, s and a only, such that 

\\BNv\\ H(3+a){B{0 , R)) < C N R^-WN-^\\v\\» s) 

when N > N(a, s), R>0 and v E C§°{B(0, R)). 

A first corollary of this result is the above-mentioned analyticity of the backscattering trans- 
formation. 

Corollary 1.3. The mapping C^°(]R n ) 3 v — > Bv e C°°(R") extends to an entire analytic 
mapping from H {s) {W l ) n £'{R n ) to H (s)iloc (R n ) whenever s>(n- 3)/2. 

A second corollary gives the regularity of the difference between v and its backscattering 
transform. 

Corollary 1.4. Assumes > (n-3)/2 and < a < 1 satisfy a < s-(n-3)/2. If v e H (s) (W l ) 
is compactly supported, then 

(1.5) v-BveH {s+a)Aoc (R n ). 

The outline of this note is as follows. In the next section we derive a formula that generalizes 
to arbitrary N > 2 the formula 

(B 2 v)(x) = J E 2 (y 1 ,y 2 )v(x- V2 - Vl )v{x- Vl | V2 ) Ayi dy 2 , 

which appears in Corollary 10.7 of [10]. Here E 2 is the unique fundamental solution of the 
ultra-hyperbolic operator A x — A y such that E 2 (x, y) = —E 2 (y, x) and E 2 is rotation invariant 
separately in x and y. When N > 2 we have to replace E 2 by a distribution Ejy £ V((M. n ) N ) 
which is a fundamental solution of the operator Pjy = (A If[ — A Xl )(A XN — A X2 ) ■ ■ ■ (A XN — 
A XN _ 1 ). The distribution Em is discussed in more detail in Section 3. 
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Once these formulas have been obtained, the proof of the theorem becomes elementary. The 
third section contains estimates of the Fourier transforms of (cut-offs of) En- These are in 
turn used in the fourth section when the estimates in Theorem 11.21 are obtained by Fourier 
transforming the formula for Bnv. 

We close this presentation with a few words on the existing literature on backscattering 
problems for the potential scattering in odd dimensions. The backscattering map was studied 
also in [l] for dimension 3 and in [3] for arbitrary dimensions, and local uniqueness was proved 
for potentials in a certain weighted Holder space. The actual backscattering transform defined 
as above was considered in [7] for dimension 3, and it was proved to be analytic when defined 
on small potentials v such that Vw £ L 1 and with values in the same space, and consequently 
uniqueness for the inverse backscattering problem was obtained for small potentials in this 
space. Generic uniqueness was proved in [13] for compactly supported bounded potentials in 
dimension 3. We also mention [14] for an approach using Lax-Phillips scattering. The problem 
of recovering the singularities of v from the backscattering data was considered in [4], [6 J and 
[12] . Our result here improves the results in [12] in the sense that it shows that the difference 
between the potential v and its backscattering transform is more regular and the result holds 
for arbitrary odd n > 3. 

Finally, let us fix some notation we use throughout the paper. If N > 2 we use the notation 
x = (xi, . . . , xn) £ (M m ) where x%, . . .xn £ R m , for m a positive integer. If a; £ IR m we shall 
set (x) — (1 + l^l 2 ) 1 / 2 . The Fourier transform of a distribution u will be denoted either by u 
or by Tu. 



In this section we are going to write Bnv as the value at (v, . . . , v) of a A^-linear operator 
defined from Cg°(R n ) X • • • X C^(R n ) to C°°(R n ), following the procedure in @J. The key point 
here is the fact that Ka(t) obeys Huygens' principle, more specifically, that its convolution 
kernel ko(x; t) is supported in the set where \x\ = t. 



2. A FORMULA FOR B N 



When N = 1, 2, . . . we define Q N £ V'((R n ) N x R + ) inductively by 



(2.1) 



Qi(x;t) 



k (x;t), 



(2.2) 




when N > 2. 



o 



Then the mapping 



R+3t^ Q N {xi, . 



x N ;t)eV((R n ) N ) 
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is smooth when N > 1. It is easily seen that Qn is symmetric in X\,...Xn, rotation invariant 
separately in these variables and, since = t in the support of k${x,t), it follows that 

(2.3) \x\\ + ■ ■ ■ + \x N \ = t in suppQjv. 

Next we define E N e T>'((M n ) N ), N > 2, by 

oo 



(2.4) E N {xi,...,x N ) = (-1) Q N -i(xi, . . . ,x N -i;t)k (x N ;t)dt 



It follows from that 

(2.5) \xi\ + ■ ■ ■ + \xn-i\ = \xn\ in suppE N , 

En is rotation invariant separately in all variables, and symmetric in xi, . . . , x/v-i. We recall 
here that 

E 2 {x,y) = 4- 1 (i 7 r) 1 -"(5("- 2 )(a; 2 - y 2 ) on E" x K" 
is the unique fundamental solution of the ultra- hyperbolic operator A x — A y such that E 2 {x, y) — 
—E 2 (y,x) and E 2 is rotation invariant separately in x and y. (See Theorem 10.4 and Corol- 
lary 10.2 in [ID].) 

The next lemma follows easily from (|1.2|) and (|1.3p by induction and some simple computa- 
tions. 

Lemma 2.1. Assume v E C °°(K n ). Then 

(2.6) K N (x, y;t) = J v{x\) ■ ■ ■ v(x N )Q N+1 (x - X\,x\ — x 2 , ■ ■ ■ , Xn-x - xn,xn - y\t) Ax, 

(2.7) G N (x,y)= J v(xi) ■ ■ -v(x N )E N+1 (x - x 1 ,x 1 - x 2 , . . . ,x N ^i - x N ,x N - y)Ax 

(Rn)-N 

for every N > 1 . 

Proposition 2.2. i^or N > 2 

(B N v)(x) = y Siv(yi,...,y^)u(a;-^-yQ)«(a;-^-yi)---u(i-^-yjv_i)dj7 

(K™)~ 

w/ien w € Co°(R n ), where 

^ N-l fe 

Y = - Vi and Y k = Ya~Y.y^ l<k<N-l. 

i=i j=i 

Proof. We use (|2.7p to express Gn-i{v, 2x — y) in (|1.4p and get thus 

(B N v)(x)=2 n J v(y)v(xi)---v{x N -i) 

R"x(K") JV ~ 1 

E N (y - xi 7 xi - x 2 ,. . . ,x N - 2 - x N -i,x N -i +y-2x) AyAx. 
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The proposition follows by changing variables y — xi = —yi, x±~X2 = —y2, ■ • ■ , xn-2 — xn-i 
-Vn-i, xn-i + y - 2x = -y N> hence 



N 

1 • 

y = x 



1 N 

1 W* v 

■ - ~ 2^ % 1 = x - -r - Y ° 



2 

3=1 

y N v 

xi = y + yi = x — — - Yi 



VN v 

XN-1 = XN-2 + Vn-i =x Yn-1- 



Here we have made use of the invariance properties of En, which in particular ensure that 
Ejsr{yi, ■ ■ ■ iVn) is even in each yj. □ 



3. The distribution E n 

We need some further information on the distribution En defined in (|2,4p . 
The first result is a characterization of En ■ We denote 

P N = (Ai - A N ) ■ ■ ■ (Aa^! - A N ), 

where Aj in the Laplacian in the variables Xj . 

Lemma 3.1. The distribution En is a fundamental solution of Pn ■ It has the following 
properties: 

(i) En(x%, . . . ,xn) is rotation invariant in each xj; 

(ii) |xi| + • • • + |xjv-i| = \xn\ in the support of En; 

(iii) En is homogeneous of degree 2(N — 1) — nN . 

If E is a fundamental solution of Pn that satisfies (i)-(iii), then E = En- 

Proof. We first prove that PnEn = S(xi, . . . ,Xn), and when doing this we may assume that 
N > 3. Since dfk (x;t) = A x ko(x;t), it follows easily from (2.2) with N replaced by N — 1 
that 

dtQN-l{x\, ■ ■ ■ ,XN-X]t) = An-iQn-i{xi, ■ ■ ■ ,XN-V,t) 

+Qn-2(xi, ■ ■ ■ ,x N - 2 ;t)5(x N -i). 



8 INGRID BELTIfA AND ANDERS MELIN 

It follows from (2.4) then that 

oo 

A N E N (x 1 , . . . ,x N ) = (-l)"^ -1 J Q N -i(xi, ■ ■ ■ ,x N _i\t)dtk (x N \t) dt 

o 

oo 

= (-l)^ 1 / {d 2 t Q N - 1 {x ll ... 1 x N ^ 1 -t))k Q {x N ;t)&t 



o 

oo 

= {-l) N ~ l A N -i J Qn-x{xi, ■ ■ ■ ,x N -i;t)k (x N ;t) dt 
o 

oo 

+ (-l) 7V ~ 1 J Qn-2(xi, ■ ■ - ,xn-2; t)S(x N -i)k (x N ;t) dt 
o 

= &n-iEn(xi, ■ ■ - ,x N ) - E N _i(xi, . . . ,x n _ 2 ,Xn)5(x N -i). 
We have proved therefore that 

(3.1) (Ajv-i - A N )E N (xi, . . .,x N ) = E N -i(xi, . . . , x N - 2l x N )S(x N -i). 

Assuming, as we may, that the assertion has been proved for lower values of N and letting (A 1 — 
Apf) ■ ■ ■ (Ajv_2 ~ Ajv) act on both sides of l|3.ip we may conclude that PffEjf(xi, . . . ,Xn) — 
S(x 1 , . ..x N ). 

The conditions (i) and (ii) are simple consequences of the definitions, together with the fact 
that ko(x;t) is rotation invariant in x and supported in the set where |x| = t. Since fco is 
homogeneous when considered as a distribution in x and t, it follows that En is a homogeneous 
distribution. Its degree of homogeneity must be equal to the degree of Pjy minus the dimension 
of (R n ) N . This proves (iii). 

It remains to prove that $ = if $ = $(xx, . . . , xn) is a distribution satisfying the conditions 
in (i) -(iii) and P N $ = 0. 

Define 

*(a;i,..., Xiv) = (Ai - A N ) ■ ■ ■ (A N -2 - A N )$( Xl , . . . , x N ) 

(with the interpretation \& = E 2 if N — 2) . This a homogeneous distribution of degree 2 — nN 
and 

(Ajv_! - Ajv)* = 0. 

Since W is rotation invariant in each Xj, it follows from Theorem 10.1 of [10] that * is symmetric 
in Xn-i,xn- Since |ati| + ■ • • + |zat-i| = \xn\ in the support of \& this implies that x% = ••• = 
xn-2 — in its support. Hence 

%(xi, X N ) = ^ S fall ■ ■ ■ XN-2)u a (x N -i,X N ), 
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where the u a (x, y) £ V'{R n x 1") are solutions to the ultra-hyperbolic equation. The rotation 
invariance of <f> in the Xj implies that the summation takes place over even |a| only and that 
the u a (x,y) and rotation invariant separately in x and y. Also, u a (x,y) — u a (y,x) and u a is 
homogeneous of degree /i Q , where 

Li a = 2 - nN + (N - 2)n + \a\ = 2 + \a\ - 2n 

is even. Since [i a > —2n the proof is completed if we prove that u a vanishes outside the origin 
in W 1 x ffi™. In this set we may view u a as a function f(s,t) in s = \x\,t = \y\. Since it is 
supported in the set where s = t we may write 

f(s,t)= c j S^(s-t)(s + ty+ v 

0<j<J 

where v = 1 + is odd, and the summation takes place over even j only, since /(s, t) = f(t, s). 
We assume that / ^ and shall see that this leads to a contradiction. 

Assume now that cj ^ 0. Expressing the Laplacian in polar coordinates, we get the equation 

= (d 2 s - d 2 t + (n - l)( S - x a s - r'dtfjfis, t). 

The right-hand side here is a linear combination of 8^\s — t)(s + ty +u ~ 2 with j < J + 1, and 
a simple computation shows that the coefficient in front of d^ J+1 ^ (s + t) J+u ~ 1 is equal to 4cjk, 
where 

K = (J + v)+n- 1. 

This gives us a contradiction, since we know that K = while the right-hand side above is an 
odd integer. We have proved therefore that u a vanishes outside the origin. □ 

We need to establish estimates for the Fourier transforms of certain cut-offs of ■ Namely, 
we shall consider distributions of the form 

oo 

(3.2) (-l)^ 1 J Q N -i(x 1 ,...,x N - 1 ;t)k (x N ;t) X (t)dt, N = 2,3,... 7 

o 

where x G Co°(^)- We notice that \xi\ + ■ ■ ■ + \xn-i\ — \xn\ < Rq in the support of this 
distribution whenever the support of x ls contained in the interval (— oo, Ro). Also, if x(t) = 1 
when < t < R u then the restrictions to (M™)^" 1 x B(0,Ri) of the distribution in {321) and 
of Em coincide. 

We start with some preparatory computations. When a £ M define 

v , o(i ) = y +(t )__M j teR, 
a 

where Y + is the Heaviside's function. 
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Lemma 3.2. Assume N > 2 and a±, . . . a/v are real numbers such that er 7^ a| when j 7^ fc. 
T/jen we have the identity 

N 



(3-3) (¥V * • • • * vw)(t) = £ J] Ajft, (t). 

Proof. Let e > and define ipj(t) — e~ £t (p aj (t). A simple computation shows that 



1 



(e + ir) 2 + aj ' 
If = -01 * • • • * it follows that 



N , N , 



* (T) 5 fe + ir) 2 + a? XJ ( JJ a \ I- a 



1 (e + ir) 2 + a 2 ^ V 11 a 2 - a 2 V (e + irf + a 2 



j=l fc^j R J v ' 3 



N 



— v — at — cr„- 
3=1 fc^j fe ^ 



Hence 

iv 



*(*)=E(n-^H(*)- 

The lemma then follows when e tends to 0. □ 

Lemma 3.3. When N > 2, 01, . . . sjy G R, <t e C, Re <r > 0, define 

00 

F(ai, . . . , a N \a) = J (f^ * ■ ■■ * <Pa N -i)(t) cos(tajv)e~ CT * dt. 


Then 

(3.4) FK. = M n a ^ { a N -^ + U 

\l<j<N-l 3 v JV 



ajv — icr) 2 a 2 — (aw + ic) 2 



l<j< 

Proof. Since both sides of ([3.4P depend continuously in a\, . . . , ajv S M it is no restriction to 
assume that o 2 7^ o 2 when j 7^ fc. 

First notice that when a, b £R and c G C, Re <r > 0, one has 



(3-5) /^ W cos(^)e- dt= (a2 _f 2+ 6 g 2 2 +; 2 4bV2 . 



When N — 2 l|3.4p follows directly from this formula. 
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Assume N > 3. The previous lemma and (|3.5p give 

AT-l 



F(ai, . . . , ajy; o) = ^ TT -o— — 2 / ^i, (*) cos(taAr)e at dt 



We can simplify this expression by writing 



Then 



tj — a 2 — a 2 N + a 2 , < j < N — 1, and b = 2a^u. 



N-l .j , 

%--«^) = E(llo:)ii 



2 ^ ( n i t ) t i& + 2 5i ( n f + . ) t + 16 

1 T-r 1 1 T-r 1 

— 2 J-A £ 7 -i& 2 A A t 7 - + U>' 

l<j<N J l<j<N 3 

This finishes the proof of the lemma, after noticing that tj ±ib = a 2 — (o,n T if) 2 . □ 



The next lemma is a direct consequence of Theorem 1.4.2 in [5]. 

Lemma 3.4. There is a sequence (xn)j° ^ n Co°Q^) suc h thatxNit) = 1 when \t\ < 1, XN(t) = 
when \t\ > 2 and 

|Xtf(*)l <C* fe 7V fe , 0<fc<27V + 2. 
.ffere C > is independent of N . 

In what follows i? is an arbitrary positive number. We set XN,B,(t) — XN(t/R), so that 
Xn,x — Xn- We define 

,.\ - j 

o 

We notice that 

(3.7) \x\\ + --- + \x N -x\ = \x N \ <2R in supp^n) 

and 



(3.6) En.r = (— 1) Q N -x{x l ,...,x N -x;t)k Q {x N ;t)xN,R{ t )^ N=2,3. 



(3.8) E NtR (xi,...,x N ) = E N (xi,...,x N ) when | x N \ < R. 
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We shall derive estimates for the Fourier transform J-En,r{£i, ■ ■ ■ , £n) of En^r, We notice here 
that, due to the homogeneity of Qjv-i("j t) and of ko(-]t) and to the definition of xn,r, we have 

E N , R (Rxi, Rx N ) = R 2N - 2 R- Nn E N , x {x u . . . x N ). 

It follows that 

(3.9) {?E NtR )fa, . . = R 2N - 2 FE N>1 {R£ U ...,R£ N ). 
Therefore it is enough to establish estimates for TE^,\. 

The distribution En,x(xx, . . . . , xn) is rotation invariant in the variables x%, . . . , xpf and com- 
pactly supported. The Fourier transform J-En,i(£i, . . . ,£n) of En,i is smooth and rotation 
invariant in each variable £j. We define Fjsr(ri, . . . ,tn) when Tj > by 

(3.10) {J r E N , 1 ){^,...^ N ) = F N {r 1) ...,r N ) when r 3 = \^\. 
Hence we need estimates of -Fat ■ 

Consider 7 > 0. Let us define the functions hy(r, s) through 

h y (r, s) = (7 + \r - s|) _1 (7 + \r + s|) _1 . 

Lemma 3.5. When s, t G M, one has 

1 + | S -*|> 1 + |S! 



1+1*1 
Consequently 

h y (s,r + t) < 7 - 2 (7+|i|) 2 /i 7 (s,r) 

when s, t, r 6 R. 

Proof. The lemma follows from the inequalities 

\s-t\ l.sl-ltl 
1+ s-t > 1 + r4 > 1 



l+t~ 1+t 1+t 



The estimate of Fn that we need is contained in the next lemma. 

Lemma 3.6. There is a constant C, which does not depend on N and 7, such that 
(3.11) \F N (n,...,r N )\ < c N N 2N +^-( 2N +Ve 2 ~< [] M^jv). 

l<j<N-l 



Proof. It follows from J3j|) and $23$ that 

(3.12) F N (r 1 ,...,r N ) = (-l) N - 1 I $ N (ri,...,r N ,t) X N(t) dt 



□ 
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where 

$ N (ri,...,r N ,t) = (ip ri * ■ ■ ■ * (p rN _ 1 )(t) cos(tr N ). 
As a function of t, $jv(^1j • • • >?~jV>*) is supported in [0, oo) and of polynomial growth at infinity. 
Define 

$N,i(n, ■■-,rN,t) = e _7t $ JV (? , i, ■ ■ - ,r N ,t), Xw.-yW = e 7 *Xjv(*)- 

Then 

F N {r-L,...,r N ) = J $jv, 7 (ri, . . . ,r N ,t)x N ^(t) dt 

(3.13) _ R 

= (27:)- 1 j (F<S> N ^)(r 1 ,...,r N ,T){FxN^)(~T) dr, 

K 

where the Fourier transform is taken in the variable t. We notice that 

(^ r $Ar, 7 )(ri, ...,rjv,r) = / $jv(^i, . . .r N ,t)e~ at dt = F{r u ...,r N ;a), a = 7 + ir. 
Then an application of Lemma [3731 gives the estimate 

(3.14) \(F$ N „)(r u ...,r N ,T)\ 

<\ n kl-(^+^) 2 r 1 +5 n ^-{rN-ivfr 1 

l<j<N-l 1<3<N-1 



2 II l r i ~ ( r JV - T ) - i7l Vj + Oat -r) +i7| 1 

l<j<N-l 

\ IT l^-( r w+T)-i 7 |- 1 |r J + (r A r+T)+i 7 |- 1 



2 

l<J<iV-l 

<2 W - 2 [] ^+\^-{rN-r)\)- l { 1+ \r j + {T N -T)\)- 1 

l<j<N-l 

+2 N ' 2 [] (7+l^-(^+T)|)- 1 ( 7 +b + (r J v+r)|)- 1 
1<J<N-1 

= 2 N ~ 2 H } h ( rj ,r N -t) + 2 n - 2 H h^r^TN+r). 

l<j<N-l \<j<N-l 

Next we see that 



fXN^-r) = J x J v, 7 (t)e t(7+iT) dt 

(7 + ir) -(2Ar + 2) f { 2N + 2 ){t)eth+iT) M 



From this and Lemma 13741 we deduce that there is a constant C, which is independent of N and 
7, such that 

\?Xn„(-t)\ < C N N 2N+ ^{ 1+ \r\)- 2N -\ 
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Then (|3.13p . (|3. 14[) and the above inequality, together with Lemma l3~5l give 



oo 

\F N (r u ...,r N )\<C N N™ + W f (7 + \t\)- 2N ~ 2 ( JJ h y ( rj ,r N - r)) dr 

1<J<N-1 

OO 

<C JV iV 2JV +V 2(iV - 1) e^(/(7+|r|)- 4 dr)( [J M^)) 

-*CO 1<J<W-1 

< (7 iV 7 -(2Ar+ 1 ) iv2 JV+2 e 2 7 -Q hj ( r . jrN ) 

l<j<N-l 

< (2C) 7V 7~ (2JV+1) A r27V+1 e 27 J] h <y(rj,r N ). 

l<j<N-l 

This finishes the proof. □ 

The following theorem gives the estimate we need for the Fourier transform of E N ^ R . 

Theorem 3.7. There is a constant C > 0, which depends on n only, such that 

\(TE N . R )^ 1 ,...^ N )\<C N (N/(R 1 )) 2N+1 e 2R '> JJ MI&I,M), €R B 

l<j<W-l 

/or e«en/ JV > 2, R > and 7 > 0. 

Proof. Let i? > 0. The identity l|3.9p and previous lemma show that there is a constant C > 0, 
which depends on n only, such that 

\(FE N , R )(Z 1 ,...,Z N )\<C N (N/j) 2N+1 R 2N - 2 e^ J] h^R^imMh 

l<j<N-l 

when £i,...,£n £ K n , for every AT > 2, R > and 7 > 0. This in turn shows that, with the 
same C, one has 

\(FE N , R )(Z 1 ,...,Z N )\<C N (N/>y)* N + 1 <*' J] Vr(&W£"|). 

i<i<w-i 

The theorem follows by replacing 7/i? by 7. □ 

4. L 2 -SOBOLEV ESTIMATES FOR Bjv 



We introduce an N- linear version of Sat, AT > 2. Namely, for u = (v\, . . . ,vn), Vj 6 Cq 
define 

(B N v)(x) = J E N (y 1 ,.,.,y N ) 
(4.1) (R") N 

v\(x — - Y )v 2 {x - — - Y\) ■ ■ -v N {x - — - ljv-ij ay. 



00 (TB>n\ 
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Here the Yfcis are defined as in Proposition 12.21 that is, 

N-l k 

^0=2^%' Y k =Y Q -Y,Vh k = l,...,N-l. 

1 3=1 

Then Btv?7 is a smooth compactly supported function in R™ and B N v = ~B N (v, . . . , v) for every 
v G C^°(K"). Therefore the result in Theorem 11.21 is contained in the next theorem. Here and 
in the rest of the section we use the notation 

n — 3 

to = . 

2 

Theorem 4.1. Assume that < e < 1, Sj > m anrf aj = min(sj — to, 1 — e), j = 1, . . . , N . Set 

N 

a = Tom(s j -a j )+^2a j . 

3=1 

Then there is a constant C which is independent of the Sj, but may depend on s and n, such 
that 

N 

(4.2) IIBjv^l^^^^^ < C^7V 2mi "f^ — — )(^?/iV)^- i n ||^-||J Sj) , 

i 

for every N > 2, R > 0, v x , . . . , v N G C* °°(B(0, R)). 

The present section is devoted to the proof of the above result. We start with some prepa- 
rations. 

Let R > and recall that the distributions E N , R G S'((R n ) N ) were defined in (J3T6J) . When 
v — (vi, . . . ,Vn), vj G Co°(M n ), we consider 

(B NtR v)(x) = y E NtR (y 1 , . . . ,y N ) 

(4.3) (R") N 

^ io)«2(a; Yi)---v N (x Yjv-i) ay. 

It is easy to see that TZn^rv is a smooth compactly supported function in K n . The following 
lemma gives the connection between Hn,rv and Batu. 

Lemma 4.2. Assume vi,...,vn G Cq°(B(0,R)), Then (Bjv,4R#)(a;) = (Bjvu) (a;) m a neigh- 



bourhood of B(0, R) and Rn,2(n-i)rV = Batw. 

Proof. Choose e > such that the Vj are supported in B(0, R — e) and define 
(4.4) V x {y) = vi{x - y N /2 - Y ) ■ -.v N (x - y N /2 - Fjv-i). 

Since Yq + Yjy-i = 0, it follows that 

\2x-y N \ = \(x - y N /2 -Y ) + (x - y N /2 -Y N -i)\ <2R-2e 
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when y G supp(T4). When \x\ < R + e/2 we see that |yjv| < 4-R when y is in the support of 
V x and, since En^r — En when |yjv| < 4-R, it follows that (Bn,4rv)(x) = (Bpfv)(x) when 
\x\ < R + e/2. This proves the first assertion. When proving the second assertion we notice 
that 

\Vj\ = \{x- y N /2 - 5$_i) - (x - y N /2 - Y 3 )\ < 2R 
when 1 < j < N - 1 and y S supp(T4), hence £)f _1 < 2(7V - This shows that 

the support of does not intersect the support of -Eat^jv-i)^ — £jv, hence Bjv.2(Ar-i)_RV = 
B N v. □ 

Let s = (si, . . . , Sjv) be a sequence of nonnegative real numbers and let a S R, N > 2, i? > 0. 
Define 

A(iV, i?, s, a) = 

' AJ} > sup / /(l + 4|CAr| 2 ) ff |(^ J v,i ? )(6,-.-,^)| 2 M s -(a,---,^) 2 dCi... d^r-i, 
where 

M s -(a, • • • , ew) = <a + 6vr si (6 - &>- a • • • - ^ N ^y sN . 

Then < A(N, R, s, a) < oo. 
Lemma 4.3. We have that 

N 

(4-6) WBn.rvWU < (2n) n ^A N . R ^u---^ N ,a)Y[\\v J f iS]) 



l 



for every Vj € C^°(R n ), l<j<N. 



Proof. Let 14 be defined as in (|4.4p . In order to compute the Fourier transform of V x we 
introduce the linear map L in through Lz = y, where 

Vj = zj - z J+ i, 1 < j < N — 1, yjv = zi + z N . 

It is easily seen that det(L) = 2" and that j/at/2 + Yj-\ = Zj when 1 < j < N. Therefore we 
may write 

V x (y) = (vi ® ••• ® -y A r)(-L~ 1 (2/i, . . . un-uVn ~ 2a 0)- 

Hence 

rV x {-^, -fr) = 2"e 2i ^~>(?) 1 ® ■ • ■ ® v N ){L'g). 
Here L' denotes the transpose of L. It is easy to see that L'£ = 77, where 

Vi = 6 + fiv, »fe = & - 0-1, 2 < j < N. 

It follows that 

(^i)Hi, • • • , -&v) = 2"e 2i <^«"^ 1 (6 + 6v)« 2 (6 - 6) ' ■ -Vn^n - U-i). 
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Write Wj = J 7 (D) s ^v j and 

W(D = u>i(£i +^jv)toa(6 - 6) • • -w n (Cn -6v-i)- 
It follows from (|4.3p and the computations above that 

(B N>R v)(x) = (2ir)- nN /(^iv,fl)(0(^)(-Dd|* 

= (27r)-" A '2™ / e 2i ^« N) /3(£jv)d£v 



where 



/3(&v) 



This shows that 



(^•^ )fl )(|)M ? (Dw(o da • ■ • dCiv-i. 



Prf^ - (2nr 2n(N - 1 ^ J (t N ) 2 ° |/3(^/2) | 2 d&v 
- 2"(2tt)- 2 "( a '- 1 / 2 ) /(l + |4^| 2 )H/3(^)| 2 d^Ar 
(4.7) < 2"(2rr)- 2 "( Ar - 1 / 2 ) | {(l+4|£„| 2 y( J ■■■ J \{TE N ^)\ 2 M s {if 

(/•••/ l^(l)l 2 dei---^JV-i)}d^. 

<2™(27r)- 2 " (A, - 1/2) ,4(jV,i?,s>) /" |T^(|)| 2 d|t 
The proof is then completed by the observation that 

= (wi <g> w 2 8) • • • <S> w N ){L'i). 

It follows that 

' |M^(0| 2 df = 2-" / |(tfli®---(8 ^)(e)| 2 d£ 



AT 



A' 



d£ 



N-l 



2-" II Hf = 2-"(27r)" w J] IK^^^II 2 = 2-"(2rr)" JV J] 



l l 
The lemma follows if this is inserted into (14.71) 



□ 



We shall arrive at estimates for Bn.rv by combining the inequality (|4.6[1 with estimates for 
the expression A(N, R, s, a) in l|4.5p . The following lemma will be needed. 

Lemma 4.4. Assume < e < 1. Then there is a constant C — C n ,e such that 
(4.8) J h 2 (\^p)((-r 1 )- 2s ^<C 1 - 1 (p) 2m - 2s , 

when r\ 6 W l , p> 0, 7 > 0, m<s<m+l — e. 
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Proof. Assume r > and f] G K" \ 0. Set 

fs(r, V )= J (r0 - V y 2s d6. 

If u = (9, rf)/\r)\ then a simple computation shows that 

(rO-rj) 2 > 1 + r 2 (l - |u|). 
If / is a continuous function, and c n -2 is the area of the n — 2-dimensional unit sphere, then 

f((6, V )/\r ] \)dr ] = c n -2 f f(t)(l-t 2 ) m dt. 

This shows that 

l 



fs(r, V ) < Cn-2 J (1 + ^(1 - -t 2 ) m dt 
-1 

1 1 

< 2 m+1 c n _ 2 f (1 + r 2 (l - t))- s {\ - t) m dt < 2 m+1 c n - 2 J(l + r 2 t)- s t m dt 



1 

< 2 m+1 c n _ 2 (r)- 2s / t m ~ s dt. 



This gives the estimate 

(4.9) /sM^C^r)" 28 , 

where C\ = 2 m+1 c„_2/e, for rj G R" \ 0. This inequality clearly holds for rj = as well. 
Using l|4.9p and introducing polar coordinates in the integration one gets 

oo 

(4.10) J h>{\£\,p)(Z- V )- 2 'dZ<C 1 J h 2 (r,p)r 2m + 2 (r)- 2s dr. 

o 

Assume first that p > 1. Then 

oo 

J h 2 (r,p)r 2m+2 (r)- 2s dr 
o 

oo 

Y \ „2m+2 

■ dr 



(7 + \r - p\) 2 (7 + r + p) 2 (r 2 + 1)' 



(4.11) 

< / dr 

- p 2(s- m ) J ( 7 + | r - p|)2 ( r 2 + 1)^ + 1 



2 2( 

< 





s — m) 



(p+ l)2(«-m) 7 (7 + 



i^dr < 2 3 7 - 1 (p)" 2(s ~" i) - 
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Assume next that p < 1. Then 



h 2 Jr,p)r 2m+2 (r)- 2s dr 



o 

1 



(4.12) f 1 r 2m f 

< / dr < / dr 

-J (7 + k-pl) 2 (r 2 + iy -J (7 + kl) 2 

R 

< 2 2 ( s -™)+ 1 7 - 1 ( (0 2 + < 2 3 1 - 1 {p)~ 2(s ~ m) ■ 

Combining (|4T0|) . (f47TT|) and (|4~12|) we see that the lemma holds with C = 2 3 Ci. □ 

Now we are going to estimate A(N,R,s,j). Recall that Theorem 13.71 gives that 
(413) \(TE NM )(^,...^ N )\< C7 w (A/( 7j R)) 2W+1 e 2 ^ Y[ MI0U6H), 

l<j<iV— 1 

where 7>0, A > 2, R > and the constant C is independent of these parameters. We notice 
that 

M s -(£i, . . . ,60 < (6 + eiy)- sl M S2 ,... >SJV (6 5 . ■ • ,6r) 

(4.14) 

+2 Sl (6-6)- S2 M Sl)S3 ,..., SJV (6 ! ...^iv). 

In fact, since 

I6+6H < I6-6I + I6+6H, 

either |6 ~6I > |6 + 6/|/2 or |6 +6/| > 16 + 6/1/2- In the first case 

M s -(6, . • • , 60 < 2 S2 (6 + 6/r si m S2 ,..., sjv (6, . . . , 6/) 

and in the second case 

M s -(6, ■ • ■ ,60 < 2 Sl (6 - 6)" S2 M SliS3 ,..., SJV (6 ! . . . ,6/)- 

When AT > 2 we define 

W6*)= / ■••/( n ^(I^U^I)) 2 M|(6,---,6/-i^)d6d6... d6/-i. 

i<j<w-i 

Let < £ < 1 and assume that m < Sj < m + 1 — e when < j < A. It follows from <|4. 13|) 
and 11431) that 



(4.15) 4(A, i?, s, fj) < C N (N/^R)) 4N+2 e 4R ~< su P «20 2ct 7V 7 (£; 

Here, and in what follows, C denotes constants that are independent of A, R, s, a, 7 (but may 
depend on e and dimension n). 
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Assume N > 3. From l|4.14p follows that 

r JV , 7 (c;5)<2»( f /i 2 (iau£ixa+a~ 2si ^1) 



/•••/( II ^(^UCI))M s 2 2i ... iSJV (6,...,^-i,C)d6---d^_ 1 

2<j<AT-l 

+2»(|^(icii,ieixa-6)- 2s2 dd) 

2<j<N-l 

From Lemma [4741 we get the estimate 

W£ s) < (C/2) 7 - 1 (0 2m - 2si T 2V _ 1 , 7 (^; s 2 , . . . , Sjv ) 

(4.16) 

+ (C/2) 7 - 1 (0 2m - 2s2 T JV _ 1 , 7 (e; Sl) s 3 , ■ • • , s N ). 



Another application of Lemma 14.41 gives 

t 2 ,^; Si ,s 2 ) = J /i 7 (iauei)(a+0" 2si (6-0" 2S2 da 
< (o- 2si J h*(\u \z\m o- 2S2 da + <er 2S2 / ^ 2 (iai, +o~ 2si da 

where we may assume that C is the same constant as in l|4.16p . From this we deduce that the 
inequality 

(4.17) T N ^;s) < c A, - 1 7 " (A '~ 1) (a 2((Ar_1)m_Sl_, "" SN) 

holds when N = 2. Applying (|4- 16|) together with an induction argument we obtain that (|4. 17[) 
holds for every N > 2. Since m < Sj < m + 1 we get (with another C) 

(4.18) ?y 7 (£; s) < c N ~ 1 - / -^ N - 1 \20 2({N ' 1)m ' Sl ^^ SN) - 

Assume now that Sj > m, j = 1, . . . , N, but not necessarily Sj < m + 1, and let < e < 1. 
Set cij = min(sj — m, 1 — e), j = 1, . . . , N. We notice that 

la + avi + ia - ai + ■ •• + lav - av-ii > 21^1, 

and therefore 

maxdci + avi,ia - a 1, • • • lav - av-ii) > m N \/N. 

It follows that 

(a + ao^a - a)" 1 • • • <6v - av-ir 1 < a + 4|£ JV | 2 /iv 2 r 1/2 < N(2^ N y 1 . 

Then we may write 
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This implies that 

T Nt7 {& s) < jv 2min ( s i-(°i+ m ))(20~ 2min(s3 '~ (ai+m)) r J v , 7 (£; m + o x , . . . ,m + a*). 
Then (|4T8]) gives 

TV 

(4.19) Tjv, 7 (e,s) < C JV - 1 iV 2mm(s ^ (aj+m)) 7- (JV - 1) (2e} * . 
Combining (|4. 1 5[) with (|4. 19|) we get the following lemma. 

Lemma 4.5. Assume that < e < 1, Sj > m and aj = min(sj — m, 1 — e), j = 1, . . . , N. Set 

N 

a = min(sj -aj) + ^2aj 

3=1 

TTien i/iere is a constant C which is independent of the Sj, but may depend on e and n, such 
that 

(4.20) A(N,R,s,a) < C N N 2min ^-^- m \N/{ 1 R)f N+2 1 - { - N ^e 4R ' 1 
for every 7 > 0, R > and N > 2. 

Next we recall (|4.6p which, together with the previous lemma, gives the next proposition. 

Proposition 4.6. Assume that < e < 1, Sj > m and aj — min(sj — m, 1 — e), j = 1, . . . , N. 

Set 

N 

a = min(sj — aj) + ^] aj. 

3 = 1 

Then there is a constant C which is independent of the Sj, but may depend on e and n, such 
that 

N 

(4.21) IIB^IJ^ < C^^-i-^^^/CTliJJ^+V^^e^nil^llJ.,)' 

1 

for every N > 2, vi, . . . ,v N € C<f(R n ) } R > and 7 > 0. 

Theorem 14.11 follows from the previous proposition and Lemma I4.2[ by replacing R by 4i? 
and taking 7 = N/(AR). When replacing R by 2(7V — 1)R and taking 7 = 1/R, we obtain the 
following corollary, where we use Lemma l4~2l 

Corollary 4.7. Assume that < e < 1, Sj > m and aj — min(sj — m, 1 — e), j = 1, . . . ,N. 

Set 

N 

a = min(sj — aj) + aj. 

3=1 



22 



INGRID BELTIfA AND ANDERS MELIN 



Then there is a constant C, which depends on n, e and the Sj only, such that 

(4-22) mNvWl^^R^flWvjWl^, 

1 

for every N > 2, R > and vi, . . . , v N G C °°(B(0, R)). 
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